Introduction
Determining the automorphism group of a linear code and testing the permutation equivalence of two codes are interesting problems in coding theory [9, 13, 17] . Some algorithms for these computations have been given in [10, 11, 12, 19, 20, 22] . It turns out that the complexity of these algorithms is limited by the hull size of codes. Precisely, most of the algorithms do not work if the hull is large. Therefore, knowing the dimension and properties of hulls of codes is helpful for these computations.
The notion of the hull of a linear code has been introduced to classify finite projective planes in [1] . The hull of a linear code can be defined as follows. For a linear code C over F q , let C ⊥ denote the dual of C under the Euclidean inner product. If q is square, we can also consider the dual of C under the Hermitian inner product and denote it by C ⊥ H . The hull Hull(C) (resp., Hull H (C)) of C is defined to be C ∩C ⊥ (resp., C ∩C ⊥ H ). In [18] , the number of distinct linear codes of length n over F q which have hulls of a given dimension has been established and the average dimension of the hulls is asymptotically constant dependent on the order of a finite field. Later, the average dimension of the hulls of cyclic codes was studied in [23] . However, in the literature, the dimensions of the hulls of cyclic codes and the number of distinct cyclic codes with hulls of a given dimension have not been well studied.
In general, it would be interesting to study the properties of hulls of constacyclic codes over finite fields. Due to [5, Proposition 2.4] , the Euclidean dual of a λ-constacyclic code over F q is again λ-constacyclic if and only if λ = ±1. Therefore, it makes sense to focus only on cyclic and negacyclic codes with respect to the Euclidean inner product. The Hermitian dual of a λ-constacyclic code over F q 2 is again λ-constacyclic if and only if ord(λ)|(q + 1) (see [25, Proposition 2.3] ), where ord(λ) denotes the multiplicative order of λ in F × q 2 . This means that it would be interesting to consider λ other than ±1. Since the structural characterization of λ-constacyclic codes (with λ ±1) is slightly different from that of cyclic and negacyclic codes (see [25] ), we pay attention only to the Hermitian hulls of cyclic and negacyclic codes. The other cases remain open.
The purpose of this paper is two-fold: to determine the dimensions of the hulls of cyclic and negacyclic codes of length n over F q and to enumerate cyclic and negacyclic codes of length n over F q having hulls of a given dimension. We focus on the hulls of such codes with respect to both the Euclidean and Hermitian inner products.
Two well-known families of cyclic codes, namely, Euclidean self-dual cyclic codes and Euclidean complementary dual cyclic codes, are special cases such that C = Hull(C) = C ⊥ and Hull(C) = {0}, respectively. The characterization and enumeration of such codes in [24] and [8] can be viewed as special cases of our results.
The paper is organized as follows. Some basic results are recalled in Section 2. In Section 3, the dimensions of the Euclidean hulls of cyclic codes of length n over F q and the number of cyclic codes of length n over F q having hulls of a given dimension are determined. In Section 4, the hulls of cyclic and negacyclic codes with respect to both the Euclidean and Hermitian inner products are studied as well. A summary is given in Section 5.
Preliminaries
In this section, we recall some definitions and basic properties of constacyclic codes and polynomials over finite fields.
Let F q be a finite field of q elements. For a positive integer n, let F n q denote the vector space of all n-tuples over F q . A linear code C of length n and dimension k over F q is a k-dimensional subspace of F and the hull of C with respect to the Euclidean inner product is defined to be Hull(C) = C ∩ C ⊥ . A linear code C is said to be Euclidean self-dual (resp., Euclidean complementary dual) if C = Hull(C) = C ⊥ (resp., Hull(C) = {0}). For a code C over F q 2 , we can also consider the Hermitian dual
and let Hull H (C) denote the hull C ∩ C ⊥ H of C with respect to the Hermitian inner product. Hermitian self-dual and complementary-dual codes can be defined similarly.
Constacyclic Codes
Given a nonzero λ ∈ F q , a linear code C is said to be constacyclic, or specifically, λ-constacyclic if
It is well known that every λ-constacyclic code C can be viewed as an ideal in the quotient ring F q [x]/ x n − λ generated by a unique monic divisor of x n − λ. Such a monic polynomial is called the generator polynomial of C. Therefore, the factorization of x n − λ plays an important role in studying λ-constacyclic codes of length n over F q . A λ-constacyclic code is said to be cyclic and negacyclic if λ = 1 and λ = −1, respectively.
. Otherwise, we say that f (x) and f * (x) form a reciprocal polynomial pair.
with a 0 and a k
, then the Euclidean dual C ⊥ is generated by h * (x) (see [25, Lemma 2.1] ). The following theorem is a natural generalization of [7, Theorem 4.3.7] and it is useful for investigating the algebraic structure of the hulls of constacyclic codes. The proof can be obtained in a manner similar to [7, Theorem 4.3.7] . Theorem 1. Let C 1 and C 2 be λ-constacyclic codes of length n over F q generated by g 1 (x) and g 2 (x), respectively. Then C 1 ∩ C 2 is a λ-constacyclic code generated by lcm(g 1 (x), g 2 (x)).
From now on, we restrict our study to the cases of cyclic and negacyclic codes, i.e., λ-constacyclic codes with λ = ±1.
The Factorization of x
We recall the factorization of x n − 1 ∈ F q [x] into the product of monic irreducible polynomials. We partition its factors into self-reciprocal polynomials and reciprocal polynomial pairs (see [8] ). These two types of factors of x n − 1 are key to studying the hulls of cyclic and negacyclic codes.
We assume throughout the rest of this paper that F q is a finite field of characteristic p and order q. Given a positive integer n, we can write n = p ν n, where gcd(p, n) = 1 and ν is a non-negative integer.
Let j be a positive integer and let ξ be a primitive jth root of unity in some field extension of F q . The polynomial
is called the jth cyclotomic polynomial over F q .
Theorem 2 ([14, Theorem 2.45]). Let F q and n be defined as above. Then
To classify the factors of x n − 1 in F q [x] into self-reciprocal polynomials and reciprocal polynomial pairs, we need the following definitions and result. Definition 1. Let j and i be positive integers such that gcd( j, i) = 1 and let Z × j be the unit group of Z j . The order of i in Z × j is the smallest integer e such that j|(i e − 1), denoted by ord j (i).
Definition 2. Let j and i be positive integers. We say that the pair ( j, i) is good if j|(i k + 1) for some non-negative integer k. Otherwise, it is said to be bad.
Lemma 3. Let j be a positive integer and let F q be a finite field with gcd( j, q) = 1.
The jth cyclotomic polynomial Q j (x) factors into φ( j) e distinct monic irreducible polynomials over F q of the same degree e, where φ is Euler's totient function and e = ord j (q).
Moreover, if ( j, q) is good, then all irreducible polynomials in the factorization of Q j (x) are self-reciprocal. Otherwise, all of them form reciprocal polynomial pairs. 
By Theorem 2 and Lemma 3, the factorization of
can be viewed as
where
g i j (x) is a monic irreducible self-reciprocal polynomial of degree ord j (q), f i j (x) and f * i j (x) form a monic irreducible reciprocal polynomial pair of degree ord j (q), s is the number of monic irreducible self-reciprocal polynomials in the factorization of x n − 1, and t is the number of monic irreducible reciprocal polynomial pairs in the factorization of x n − 1. By Equation (2), we have
The numbers s and t in Equation (3) can be determined in the following theorem.
Theorem 4. Let x n − 1 be factored as in Equation (3). Then
Proof. If the pair ( j, q) is bad, then, by Lemma 3, Q j (x) factors into φ( j) 2ord j (q) monic irreducible reciprocal polynomial pairs. Then the number of all factors of Q j (x) where ( j, q) is bad is 2t. Hence, t = 1 2
. The number s can be determined similarly.
Euclidean Hulls of Cyclic Codes
In this section, the dimensions of the Euclidean hulls of cyclic codes of length n over F q are determined. Furthermore, we determine the number of cyclic codes of length n over F q whose Euclidean hulls have a given dimension.
Dimensions of Hulls of Cyclic Codes
A formula for the dimensions of the Euclidean hulls of cyclic codes of length n over a finite field F q is given.
Theorem 5. Let n be a positive integer and let F q be a finite field of q elements. Let χ, γ and β be as defined in Equations (1), (4) and (5), respectively. Then the dimensions of the hulls of cyclic codes of length n over F q are of the form
, 0 ≤ a j ≤ β( j, q)p ν and ord j is defined in Definition 1.
Proof. Let C be a cyclic code of length n over F q generated by a polynomial g(x). Then, by Equation (6), we have
and hence,
Therefore, by Theorem 1, Hull(C) is generated by
It is not difficult to see that
and
From Equation (9), we have
Then, by Equations (10), (11), (13) and (14), we have
From Equation (12), it follows that
and 0 ≤ a j ≤ β( j, q)p ν . Therefore, the dimension of the hull of a cyclic code of length n over F q satisfies Equation (7).
Conversely, assume that is an integer satisfying Equation (7). Then there exist b j 's and a j 's satisfying 0 ≤ b j ≤ γ( j, q)
Then, for each j|n with χ( j, q) = 0, there exist
i=1 a i j . Let C be the cyclic code generated by
where g i j (x)'s and f i j (x) are factors of x n − 1 in Equation (6). Then Hull(C) is generated by
. Using arguments similar to those in Equation (12), it is not difficult to see that Hull(C) has dimension .
The following corollary is a special case of Theorem 5 where gcd(n, q) = 1.
Corollary 6. Let n be a positive integer and let F q be a finite field such that gcd(q, n) = 1. Let χ and β be as defined in Equations (1) and (5), respectively. Then the dimensions of the hulls of cyclic codes of length n over F q are of the form j|n χ( j, q) · ord j (q) · a j (16) where 0 ≤ a j ≤ β( j, q) and ord j is defined in Definition 1. Moreover,
Proof. The condition gcd(n, q) = 1 is equivalent to p ν = 1 in Theorem 5, which implies that b j = 0 for all j|n. Therefore, the result follows from Theorem 5.
Since χ(1, q) = 0, we have
Therefore, the second part follows.
The formula for the dimensions of the hulls of cyclic codes of length n over F q in Equation (7) can be viewed to be of the form
and 0 ≤ a j ≤ β( j, q)p ν . This can be simplified using a combinatorial concept [3] as follows.
Let M be a multi-set defined by
where the notation a * b in a multi-set refers to the element b with multiplicity a, i.e., a
Each value in Equation (17) is actually the sum of elements in some subset of the multi-set M. Using the concept of a generating function in [3, Chapter 5] , the values in Equation (17), or equivalently, the dimensions of the hulls of cyclic codes of length n over F q , are the exponents of X in the expansion of the generating function
where χ, γ, β and ord j are defined in Equations (1), (4), (5) and Definition 1.
In the following examples, we determine the dimensions of the hulls of ternary cyclic codes of length 16 and binary cyclic codes of lengths 21 and 84.
Example 7. Let n = 21 and q = 2. Then gcd(21, 2) = 1 and all the divisors of 21 are 1, 3, 7 and 21. Note that χ(1, 2) = χ(3, 2) = 0 and χ(7, 2) = χ(21, 2) = 1.
Since ord 7 (2) = 3 and ord 21 (2) = 6, by Corollary 6, the dimensions of the hulls of cyclic codes of length 21 over F 2 are of the form 3a 7 + 6a 21 , where 0 ≤ a 7 ≤ β(7, 2) = 1 and 0 ≤ a 21 ≤ β(21, 2) = 1. By Equation (18), the dimensions of the hulls of cyclic codes of length 21 over F 2 are the exponents of X in (1 + X 3 )(1 + X 6 ) = 1 + X 3 + X 6 + X 9 , which are 0, 3, 6 and 9. (18), the dimensions of the hulls of cyclic codes of length 16 over F 3 are the exponents of
, which are 0, 2, 4 and 6.
Example 9. Let n = 84 and q = 2. Then n = 21 × 2 2 and all the divisors of n = 21 are 1, 3, 7 and 21. Note that χ(1, 2) = 0 = χ(3, 2), χ(7, 2) = 1 = χ(21, 2) and γ(1, 2) = γ(3, 2) = β(7, 2) = β(21, 2) = 1. Since ord 1 (2) = 1, ord 3 (2) = 2, ord 7 (2) = 3 and ord 21 (2) = 6, by Theorem 5, the dimensions of the hulls of cyclic codes of length 84 over F 2 are of the form
and 0 ≤ a 21 ≤ β(21, 2)2 2 = 4. By Equation (18), the dimensions of the hulls of cyclic codes of length 84 over F 2 are the exponents of X in the expansion of
which are 0, 1, 2, . . . , 41 and 42.
Let D q (n) denote the set of dimensions of the hulls of cyclic codes of length n over F q . The elements in D q (n) are already determined in Theorem 5 and Corollary 6. Clearly,
} if n is odd. Here, we give sufficient conditions on n and q that |D q (n)| assumes the minimum or the maximum.In some cases, the conditions are also necessary. Let N q = { j ≥ 1 | ∃i ≥ 1 such that j|(q i + 1)} as defined in [23] . We have the following corollary.
Corollary 10. Let F q denote the finite field of q elements and characteristic p and let n = np ν be a positive integer such that p n. Then the following statements hold. Proof. To prove i), assume that n N q . Then χ(n, q) = 1 and 0 < β(n, q)p v , and hence, there exists 0 < b n ≤ β(n, q)p v that make the expression in Equation (7) nonzero. Then, by Theorem 5, we have {0} D q (n).
Conversely, assume that n ∈ N q . Then, by [23, Lemma 1], gcd(n, q) = 1 and χ( j, q) = 0 for all divisors j of n. Hence, by Corollary 6, D q (n) = {0} as desired.
To prove ii), assume that p is odd and n = 1. Then the expression in Equation
. Therefore, by Theorem 5, we have |D q (n)| =
. To prove iii), assume that p is odd and n|(q − 1). Then ord j (q) = 1 for all divisors j of n, and hence, the expression in Equation (7) becomes
. Therefore,
where s is determined in Theorem 4. Hence,
as desired. Since 2 is even and 2|(q−1), we have s = 2, and hence, iv) follows immediately from iii).
To prove v), assume that p = 2 and n|(q − 1). Then ord j (q) = 1 for all divisors j of n, and hence, the expression in Equation (7) becomes
Hence, |D q (n)| = n2 ν−1 + 1 = n 2 + 1 as desired.
As noted in [23, Corollary 29] , almost all positive integers do not belong to N q . Therfore, by Corollary 10 i), the case D q (n) = {0} occurs less frequently as n → ∞.
Enumeration of Cyclic Codes with Hulls of a fixed Dimension
In the previous subsection, we determined the dimensions of the hulls of cyclic codes of length n = np ν over F q . Next, we determine the number of cyclic codes of length n over F q having hulls of a fixed dimension. Here, we let denote the dimension of the hull of a cyclic code of length n given in Equation (7) .
In the following theorem, we show that the number of cyclic codes of length n over F q whose hulls have dimension can be determined in terms of the solutions a i j 's and b i j 's of
For convenience, let ((b i j )) denote a vector whose entries are 0 ≤ b i j ≤ p ν 2 and the indices satisfy j|n, χ( j, q) = 0, 1 ≤ i ≤ γ( j, q), i.e.,
where 0
where 0 ≤ a i j ≤ p ν . Denote by ((b i j )), ((a i j )) the concatenation of the vectors ((b i j )) and ((a i j )).
Theorem 11. Let n be a positive integer and let be in the form of Equation (7). Let χ, γ and β be as defined in Equations (1), (4) and (5), respectively. The number of cyclic codes of length n over F q whose hulls have dimension is
and ord j is defined in Definition 1.
Proof. For j|n, χ( j, q) = 0 and 1 ≤ i ≤ γ( j, q), let b i j ∈ 0, 1, . . . ,
and u i j ∈ {0, 1, . . . , p ν }. For j|n, χ( j, q) = 1 and 1 ≤ i ≤ β( j, q), let a i j , v i j , w i j ∈ {0, 1, . . . , p ν }. First, we fix (((b i j )), ((a i j ))). We want to find all polynomials g(x) in the form of Equation (8) such that the dimension of the hull of the cyclic code generated by g(x) is
Equivalently, we solve for all values for u i j , v i j and w i j in Equation (8) that satisfy Equations (13), (14) and (23) . From Equations (13) and (15), u i j is either b i j or p ν −b i j . Recall from Equation (14) that a i j = 2p ν − max{v i j , p ν − w i j } + max{w i j , p ν − v i j } . We consider the values of (v i j , w i j ) into two cases.
Case 1 a i j = p ν . We have
We summarize the values of u i j , v i j and w i j as follows:
For a given (((b i j )), ((a i j ))), the number of cyclic codes of length n over F q such that the dimension of their hulls satisfies Equation (23) is
Since (((b i j )), ((a i j ))) runs in the set h( ), the number of cyclic codes of length n over F q whose hulls have dimension follows.
The next corollary follows from Theorem 11.
Corollary 12. Let n be a positive integer and let q be a prime power such that gcd(n, q) = 1. Let be a value in Equation (16) . Let χ and β be as defined in Equations (1) and (5), respectively. The number of cyclic codes of length n over F q whose hulls have dimension is 2 s+t · |h( )|, where s is the number of monic irreducible self-reciprocal polynomials and t is the number of monic irreducible reciprocal polynomial pairs in the factorization of x n − 1,
Proof. Since gcd(n, q) = 1, we have p ν = 1. From the proof of Theorem 11, we conclude that 1. b i j = 0 for all j|n, χ( j, q) = 0 and 1 ≤ i ≤ γ( j, q), and 2. a i j ∈ {0, 1} for all j|n, χ( j, q) = 1 and 1 ≤ i ≤ β( j, q).
Therefore, the expression in Equation (21) becomes 2 s+t · |h( )| and Equation (22) becomes Equation (24).
Remark 13. We note that a code C of length n over F q is self-dual if and only if
, and it is complementary dual if = dim Hull(C) = 0.
1. In the case where gcd(n, q) = 1, by Corollary 6, the dimension of the hull of every cyclic code of length n over F q satisfies 0 ≤ < n 2
. Therefore, there are no self-dual cyclic codes of length n over F q if gcd(n, q) = 1.
2. If = 0, then the zero vector is the only solution for Equation (23) . Therefore, by substituting a i j = 0 and b i j = 0 into Equation (21) , the number of complementary dual cyclic codes of length n = np ν is 2 s+t (cf. [24] ), where s is the number of monic irreducible self-reciprocal polynomials and t is the number of monic irreducible reciprocal polynomial pairs in the factorization of x n − 1 determined in Theorem 4.
Remark 14. Let F q be a finite field of order q and characteristic p. A cyclic code C of length n = np ν over F q is self-dual if and only if dim Hull(C) = n 2 , or equivalently, n is even and the value in Equation (7) is n 2 . These hold true if and only if n are even and
. Therefore, a self-dual cyclic code of length n over , a i j = 2 ν and b i j = 2 ν−1 in Equation (21), the number of self-dual cyclic codes of length n is (1 + 2 ν ) t , where t is the number of monic irreducible reciprocal polynomial pairs in the factorization of x n − 1 determined in Theorem 4 (cf. [8, Theorem 3] ).
The set h( ) and its cardinality |h( )| play an important role in determining the number of cyclic codes of length n over F q whose hulls have dimension (see Theorem 11 and Corollary 12) . Determining h( ) and |h( )| can be viewed as a special type of the integer partition problem in combinatorics as follows.
For a given , the elements in h( ) are solutions of Equation (23). Equation (23) can be simplified as
where 0 ≤ b i j ≤ p ν 2 and 0 ≤ a i j ≤ p ν . Solving Equation (25) is equivalent to determining the integer partitions of into parts of sizes in the multi-set γ( j, q) * ord j (q) | j|n and χ( j, q) = 0 ∪ β( j, q) * ord j (q) | j|n and χ( j, q) = 1 such that ord j (q) occurs at most p ν 2 times if χ( j, q) = 0 and ord j (q) occurs at most p ν times otherwise.
Remark 15. Determining the solutions of Equation (25) can be also viewed as a special type of the Money Changing Problem (see [16, 2] ). Note that the money changing problem is finding the solutions of Equation (25) with no upper bounds on a i j 's and b i j 's. Therefore, the solutions of Equation (25) is a subset of the solutions of the money changing problem defined by the same equation. An algorithm to find the solutions of the Money Changing Problem has been given in [2, Section 5] . Moreover, in our notations, it has been shown that the algorithm computes in time O((s + t)|h( )|), where s and t are determined in Theorem 4. For computational results, the upper bounds on a i j 's and b i j 's can be added to the algorithm to filter the desired solutions for Equation (25) .
Using the concept of a generating function in [3, Section 5.3] , the number of solutions of Equation (25), or equivalently, the cardinality of |h( )| is the coefficient of X in the generating function
The solutions of Equation (25) are the ways of getting X in Equation (26) via the X ord j (q) 's, as illustrated in the following examples.
Example 16. From Example 7, the dimensions of the hulls of cyclic codes of length 21 over F 2 are 0, 3, 6 and 9. Here, we determine the number of cyclic codes of length 21 over F 2 whose hulls have dimension 6. Since gcd(21, 2) = 1, by Corollary 12, the number of such codes is |h(6)| · 2 s+t , where s is the number of monic irreducible self-reciprocal polynomials and t is the number of monic irreducible reciprocal polynomial pairs in the factorization of x 21 − 1. From Example 7, we have χ(1, 2) = χ(3, 2) = 0 and χ(7, 2) = χ(21, 2) = 1. Hence, by Theorem 4 s = 2 and t = 2. From Equation (26), the cardinality of h(6) is the coefficient of X 6 in the generating function (1+X 3 )(1+X 6 ) = 1+X 3 +X 6 +X 9 , i.e., |h(6)| = 1. Therefore, the number of cyclic codes of length 21 over F 2 whose hulls have dimension 6 is |h(6)| · 2 s+t = 2 4 = 16. To present the cyclic codes of length 21 over F 2 whose hulls have dimension 6, we consider the factorization
over F 2 . Then, by Equation (6), we have
. By Theorem 5, 16 cyclic codes of length 21 over F 2 whose hulls have dimension 6 are generated by the polynomials in Table  1 .
Generators of C
Generators of Hull(C)
Generators of C Generators of Hull(C) g 1,3 f 1,7 f Example 17. From Example 8, the dimensions of the hulls of cyclic codes of length 16 over F 3 are 0, 2, 4 and 6. Here, we determine the number of cyclic codes of length 16 over F 3 whose hulls have dimension 4. Since gcd(16, 3) = 1, by Corollary 12, the number of such codes is |h(4)| · 2 s+t , where s is the number of monic irreducible self-reciprocal polynomials and t is the number of monic irreducible reciprocal polynomial pairs in the factorization of
e., |h(4)| = 1. Therefore, the number of cyclic codes of length 16 over F 3 whose hulls have dimension 4 is |h(4)| · 2 s+t = 2 5 = 32.
Example 18. From Example 9, the dimensions of the hulls of cyclic codes of length 84 over F 2 are 0, 1, 2, . . . , 41 and 42. Here, we compute the number of cyclic binary codes of length 84 whose hulls have dimension 16 . Note that
To determine the elements in h (16), we consider the generating function Equation (26) as follows
Since the coefficient of X 16 in the expansion of Equation (27) is 8, it follows that |h(16)| = 8. Equivalently, we have 8 ways to obtain X 16 in Equation (27) as follows:
Substituting the elements of h(16) in Equation (21), we conclude that the number of cyclic codes of length 84 over F 2 whose hulls have dimension 16 is 96 + 20 + 48 + 24 + 48 + 128 + 24 + 20 = 408.
Results concerning Hermitian hulls of cyclic codes, Euclidean hulls of negacyclic codes and Hermitian hulls of negacyclic codes over finite fields can be obtained by slight modifications from the results above. For completeness, we give a brief discussion about these hulls in Sections 4.
In Table 2 , we provide the dimensions of the hulls of cyclic codes over F 2 of lengths 1 to 40 together with the corresponding number of cyclic codes of each hull dimension. In Table 2 , "n" is the length of the cyclic codes, "dim" refers to the dimension of the hulls of such codes, and "No." is the number of cyclic codes of length n over F 2 whose hulls have dimension "dim".
Characterization of Cyclic Codes with the same Hull
In this subsection, we determine all cyclic codes of length n over F q whose hulls equal C, where C is a fixed cyclic code of length n over F q .
Theorem 19. Let n be a positive integer. Let χ, γ and β be as defined in Equations (1), (4) and (5), respectively. Let C be a cyclic code of length n over F q with generator polynomial
ν , then the generator polynomials of cyclic codes whose hulls equal C are of the forms
where u i j ∈ A i j , p ν − A i j and
Otherwise, there are no cyclic codes of length n over F q whose hulls equal C.
Proof. Let D be a cyclic code of length n over F q with generator polynomial in Equation (8) . have
Comparing the coefficients, we have max{u i j , p ν − u i j } = A i j . Therefore, u i j is equal to A i j or p ν − A i j . Similarly, max{v i j , p ν −w i j } = B i j and max{w i j , p ν −v i j } = C i j , and so (B i j , 
The enumeration of cyclic codes of length n over F q whose hulls are generated by k(x) can be determine by the choices of u i j , v i j and w i j in the proof of Theorem 19.
Corollary 20. Let C be a cyclic code of length n over F q with generator polynomial
Then the number of cyclic codes of length n over F q whose hulls have k(x) as generator polynomials is
Remark 21. We note that, for monic divisors k 1 (x) and k 2 (x) of x n − 1 of the same degree in F q [x], the numbers of cyclic codes of length n over F q whose hulls are generated by k 1 (x) and k 2 (x) do not need to be the same. Consider the divisors
× (x 10 + 2x 6 + 2x 4 + 2x 2 + 1)(x 10 + 2x 8 + 2x 6 + 2x 4 + 1) and
By Corollary 20, the numbers of cyclic codes of length 44 over F 3 with hulls generated by k 1 (x) and k 2 (x) are 16 and 32, respectively.
Generalizations
In this section, we extend the results in Section 3 on the Euclidean hulls of cyclic codes to cover other three cases: Euclidean hulls of negacyclic codes, Hermitian hulls of cyclic codes and Hermitian hulls of negacyclic codes. Precisely, the Euclidean (resp., Hermitian) hulls of λ-constacyclic codes of length n over F M are studied, where λ ∈ {1, −1} and M = q (resp., q 2 ). Throughout, we assume that λ ∈ {1, −1} and M ∈ {q, q 2 }. Let n = np ν be a positive integer such that p n. Let χ be as defined in Equation (1) and let π : N × i 2 | i ∈ N → {0, 1} be a function defined by
Let
{ j|2n | j n and π( j, M) = 1} if λ = −1 and M = q 2 ,
Then, from the Appendix, the factorization of x n − λ in F M [x] can be viewed in the form of
where g i j (x) is a self-(conjugate-)reciprocal irreducible polynomial, f i j (x) and f i j (x) form a (conjugate-)reciprocal irreducible polynomial pair,
.
Based on the factorization of x n − λ in Equation (29) and the fact that the Euclidean hull Hull(C) (resp., Hermitian hull Hull H (C)) of a λ-constacyclic code of length n over F M generated by g(x) is generated by lcm(g(x), h * (x)) (resp.,
, arguments similar to those in Section 3 can be applied to cover the four cases: Euclidean hulls of cyclic codes, Euclidean hulls of negacyclic codes, Hermitian hulls of cyclic codes and Hermitian hulls of negacyclic codes. For simplicity, denote by "EHCCs", "EHNCs", "HHCCs" and "HHNCs" the four cases, respectively.
We note that EHCCs, EHNCs, HHCCs and HHNCs correspond to the cases where (λ, M) = (1, q), (−1, q), (1, q 2 ) and (−1, q 2 ), respectively. Subsequently, Euclidean hulls and Hermitian hulls correspond to the cases where M = q and M = q 2 , respectively. In the following theorems, the conditions on M and λ are read as discussed above. Since the proof techniques used for the Euclidean hulls of cyclic codes in Section 3 can be straightforwardly applied to the others, the proofs will be omitted. 
where 0 ≤ b j ≤ γ( j, M) p ν 2
, 0 ≤ a j ≤ β( j, M)p ν and ord j is defined in Definition 1.
In the same fashion as with Equations (19) and (20) ((a i j ) ).
Theorem 23. Let n be a positive integer and let M ∈ {q, q 2 }. Let λ ∈ {1, −1}. Let be in the form of Equation (30). The number of λ-constacyclic codes of length n over F M whose Euclidean (resp., Hermitian) hulls have dimension is (((bij)),((aij)))∈h( )
Theorem 24. Let n be a positive integer, M ∈ {q, q 2 } and λ ∈ {1, −1}. Let C be a λ-constacyclic code of length n over F M generated by
( f i j (x)) B i j ( f i j (x))
If p ν 2
≤ A i j ≤ p ν and 0 ≤ B i j , C i j ≤ p ν are such that p ν ≤ B i j + C i j ≤ 2p ν , then the polynomials g(x) such that the EHCC (resp., EHNC, HHCC and HHNC) generated by g(x) equals C are of the form Otherwise, there are no λ-constacyclic codes of length n over F M whose Euclidean (resp., Hermitian) hulls equal C.
We note that Corollaries 6, 12 and 20 can be extended in a similar manner. For explicit computation, the same concept in combinatorics as in Section 3 and the algorithm in [2, Section 5] can be applied and detailed discussion will be omitted.
Conclusion
We have characterized the hulls of cyclic and negacyclic codes over a finite field with respect to the Euclidean and Hermitian inner products. Especially, the dimensions of the hulls of cyclic and negacyclic codes over finite fields have been determined together with the number of cyclic and negacyclic codes with hulls of a fixed dimension. As special cases, the enumeration and characterization of complementary dual and self-dual cyclic codes over finite fields can be obtained as well as the enumeration and characterization of complementary dual and self-dual negacyclic codes over finite fields.
